We can illuminate the relationship between these two tests with a simple calculation:
We can illuminate the relationship between these two tests with a simple calculation:
(The last equality holds since a;/" + 1 as n + m.) The right-hand side is the limit of the geometric means of the first n consecutive ratios of the series. In other words, while the ratio test depends on the behavior (in the limit) of each consecutive ratio, the root test only considers the average behavior of these ratios. Clearly, if all the consecutive ratios get small then their average value will get small as well. The converse is false, which is why the root test is stronger. Thus, for example, the ratio test fails on the rearranged geometric series since the consecutive ratios alternate in value between 2 and 1 / 8 . However, the geometric mean of the first 2 n consecutive ratios is so the root test shows that the series converges.
Interpreting the root test in terms of averages suggests substituting another mean for the geometric mean. By the arithmetic-geometric mean inequality, the arithmetic mean of n consecutive ratios of a series is always larger than their geometric mean.
This yields a new convergence test:

Arithmetic Mean Test: If then the series Can converges.
This test is stronger than the ratio test but weaker than the root test. However, in some cases it may be easier to compute the arithmetic mean of the consecutive ratios than it is to compute their geometric mean. For example, consider the ~eries Can, where the an's are defined inductively by By 1'H8pital7s rule, so the ratio test fails. To apply the root test we would have to evaluate the limit The arithmetic mean test, however, requires only the following calculation:
Hence the series converges.
An example of a series for which the arithmetic mean test fails is series (3) above: In this case the arithmetic mean of the consecutive ratios converges to 17/16. As a exercise for the reader we leave the problem of determining the values of a , O < a < 1, for which the convergence of a similar rearrangement of C a n can be shown using the arithmetic mean test.
